in many cases they must be included in order to obtain agreement between theory and experiment. The newly developed gauge theory techniques for treating pseudo magnetic fields are also relevant for including the effects of real magnetic fields.
I. INTRODUCTION
In the Born-Oppenheimer treatment of molecules the adiabatic electronic wavefunction depends parametrically on the nuclear coordinates. In the standard application of this approach, the nuclear dependence of the electronic wavefunction is initially ignored, and it is assumed that the effects due to the nuclear motion can be added in a perturbative fashion.' However, in the presence of a conical intersection this is not at all the case. In 1963 Herzberg and Longuet-Higgins2 showed that a real electronic wavefunction is doublevalued (i.e. changes sign) when the nuclear coordinates traverse a closed path encircling a conical intersection. This sign change is certainly not a small effect and signifies that the standard Born-Oppenheimer (BO) treatment needs to be generalized. In 1979 Mead and Truhlar3 generalized the BO method by showing that the sign change can be accounted for by introducing a vector potential (or gauge potential) into the nuclear Schrijdinger equation.
In their approach the real double-valued electronic wavefunction is multiplied by a complex phase factor which changes sign on encircling the conical intersection so that the resulting complex electronic wavefunction is single-valued. However, in going to a complex singlevalued electronic wavefunction, the nuclear Schrodinger equation acquires a vector potential.
The resulting differential equations are identical to those of a charged particle moving in the presence of a magnetic solenoid, and Mead later called this effect the "molecular AharonovBohm e f f e~t " .~
In 1984, Berry' considered a general quantum system with parametric time dependence undergoing adiabatic time evolution. He showed that the "molecular Aharonov-
Bohm effect" was a special case of the more general geometric phase often referred to as "Berry's Phase". Berry's influential paper generated much theoretical interest in this effect. However, even though the geometric phase was first discovered in molecules many years ago, it was not included in molecular scattering and bound state calculations until Part of this delay was due to the fact that only in the past five to ten years have the necessary numerical techniques and computer resources become available.
It is important to realize that the magnetic fields which appear in the generalized BornOppenheimer method and give rise to the geometric phase are not real magnetic fields. They are pseudo magnetic fields which represent internal coupling between the electronic and nuclear degrees of freedom. However, since the resulting equations are formally equivalent to those of electromagnetic theory, the theoretical and computational techniques that are used to treat pseudo magnetic fields can be used to treat molecules in real magnetic fields.
The standard Born-Oppenheimer method which neglects the coupling between the electronic and nuclear motion is briefly reviewed in Section 11. Conical intersections and electronic angular momentum are introduced in Section TI1 and their treatment using a generalized Born-Oppenheimer method discussed. Some results of recent H + 0 2 scattering calculations for zero total angular momentum ( J = 0) which include the effects of the geometric phase are presented in Section IV. The first calculations to include the effects of the geometric phase in the vibrational spectrum of Na3(X) are presented in Section V. These results clearly show that pseudo magnetic fields give rise to significant dynamical effects (Le. the geometric phase) and must be included in order to obtain the correct results and agreement with experiment. The application of these techniques to real magnetic fields and some conclusions are discussed in Section VI.
THE STANDARD BORN-OPPENHEIMER METHOD
The molecular Schrodinger equation is given by
where Qtot is the total molecular wavefunction, H the the total energy. We restrict our present treatment to 
where V2 is the 6-dimensional Laplacian with respect to the six nuclear coordinates x, p is the three body reduced mass p ( m~ m g T~-ZC/(TTLA + m g + mc))S, and h(x) is the electronic Hamiltonian which depends parametrically on the three internal nuclear coordinates. We note that in the presence of red magnetic fields, the separation of the center of mass motion is non-trivial and a more general treatment is necessary.15J6
As usual, we assume that the electronic part of the problem has been solved for the electronic energy eigenvalues V, and eigenfunctions yn in BF coordinates where r denotes all of the electronic coordinates relative to the BF. The eigenvalues and eigenfunctions both depend parametrically on the three internal nuclear coordinates x. We neglect all internal magnetic interactions (i.e. spin-orbit) and consider only coulomb interactions between the various constituents. Thus, the electronic Hamiltonian is real with real eigenvalues and electronic eigenfunctions. In the presence of real external magnetic fields, the electronic structure of a molecule is significantly altered and new ab initio techniques must be used.17 Only simple diatomic molecules with hydrogen atoms have been treated in detai1.17-20
The total molecular wavefunction can be expanded in terms of a complete set (or almost complete set) of electronic eigenfunctions where N is in general infinite, the expansion coefficients 'Pn(X) are the "nuclear" wavefunctions and ?,bN is the nuclear spin wavefunction. For low energies and a non-degenerate ground electronic state, we can neglect the coupling to excited electronic states and truncate the sum in Eq. 4 to only one term where n = 0 denotes the ground electronic state. For degenerate states and higher energies, more terms in the sum over n must be included. In the present work Eq. 5 is valid, and we drop the subscript on the nuclear and electronic wavefunctions with the understanding that they denote the ground electronic state.
If one substitutes Eq. 5 into Eq. 1, multiplies on the left by v(r;x), integrates over r and uses Eq. 3, one obtains the standard Born-Oppenheimer (BO) equation for the nuclear motion in the SF
This usual BO result neglects the electronic angular momentum and ignores geometric phase effects. We note that in the derivation of Eq. 6 we used the fact that (cp(x)lVlp(x)) = 0 which is straightforward to prove by differentiating the normalization equation (p(x)ly(x)) = 1 and using the fact that Iv(x)) is real. 
THE GENERALIZED BORN-OPPENHEIMER METHOD
We now generalize Eq. 6 to include geometric phase effects. The real ground state electronic eigenfunction v(r; x) changes sign whenever the nucIear motion encircles a conical 
where Su(x) and Sv(x) are infinitesimal displacements from the origin in the 2D Cartesian space spanned by u e, and v e, (see Fig. 1 ). The polar coordinates are denoted by ( r , v)
where r is the radial distance from the origin in uz) space and q is the azimuthal angle around the origin.
Almost by inspection we can write down the eigenvalues and eigenvectors of the electronic
Hamiltonian matrix of Eq. 7. The two eigenvalues are f r which correspond to the upper and lower cones in Fig. 1 where the gi are the components of the total electronic angular momentum in the BF.
Using Eqs. 10 and 9, we repeat the same steps which lead to Eq. 6 to obtain the generalized BO equation for the nuclear motion3~8~21~27
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where the complex nuclear wavefunctions @(x) are single-valued and A(x) is the vector potential (or U(1) gauge potential) defined a s 3 1 8 , 2 1 * 2 7 and e(x) is the effective scalar potential defined as8yz7
By factoring the gradient operator as V = V, + V;, we can express A(x) as where Equation 16 has the same mathematical form as the vector potential of a magnetic solenoid located at the conical inter~ection.~*~ By taking the curl of Eq. 16, we find that the resulting "magnetic" field is zero everywhere except at the conical intersection where it has a delta function singularity3
where e, points along the z axis perpendicular to the uv-plane with the conical intersection located at the origin (see Fig. l 
).3921
The real nuclear wavefunctions ( 9 ) are constructed by applying the appropriate symmetry projection operators and phase factors to the complex Qc (see Section IV).3*' The change in "phase" of a real nuclear wavefunction for any closed path C in the nuclear parameter space is given by
where 9; and Q j denote the initial and final real nuclear wavefunctions, respectively. By using Stokes's theorem, we can express the line integral of A as a surface integral of B which shows that the geometric phase (Pg) is equal to the "flux" of the pseudo magnetic field through the surface S enclosed by C / 3, -f A . d l = C For any closed path C which encircles the intersection, we find that pg = -I 7r. That is, the real nuclear wavefunction changes sign (is double-valued) around the conical intersection.
For any closed path C which does not encircle the intersection, we find that pS = 0 and the real nuclear wavefunction is single-valued (as expected).
The angular part of the vector potential is given by Eq. 17 and involves matrix elements of the electronic angular momentum. Upon substituting the expression for U given by Eq. 11 into Eq. 17 and using the commutation relations of the A, an explicit expression for the A(x,$) can be derived.' The resulting vector potential is similar in form to that of a magnetic r n o n~p o l e .~~-~~ Using the expression for I&(x)) given in Eqs. 10 and 9, we can express the factors which appear in the effective potential E(X) as (for rn # 0)
The first term on the right hand side of Eq. 21 is not necessarily small. The second term is the non-adiabatic coupling m a t r i~.~1~~*~~,~~ By differentiating the electronic eigenvalue equation of Eq. 3, multiplying on the left with cp(r;x) and integrating over r, we find that
For low scattering and bound state energies (which we are considering), the Gznominator in Eq. 22 is always much larger than the numerator. Then, the second term on the right hand side of Eq. 21 is small and can be neglected.
For the molecules and energies which we are considering, the electronic angular momentum is typically smaller than the other angular momenta in the molecule.8 Thus, we neglect the terms which involve the electronic angular momentum: the A(x,2) and the first term on the right hand side of Eq. 21. The relevant nuclear Schrodinger equation is then given by Eq. 12 with E(X) = V(x) and A(x) = A(x).
IV. GEOMETRIC PHASE EFFECTS IN H + 0 2 SCATTERING
The computational techniques which are needed to solve the generalized Born- The newly developed hybrid technique has recently been applied to low energy (nonreactive) H + O2 scattering and H 0 2 bound state calculations for zero total angular momentum ( J = O).9*11 These calculations were the first to include geometric phase effects in a real molecule using the vector potential (gauge theory) approach. In this section we discuss the symmetry effects on the rovibrational wavefunctions due to the pseudo magnetic field (i.e. the geometric phase) which originates from the C2, conical intersection in HO2. The effects on the resonance spectrum and the 0 2 vibrational relaxation probability are also presented.
A 2D slice of the 3D potential energy surface (PES) for the ground (2A") electronic state of H 0 2 is plotted in Fig. 2 . This DIM (Diatomics In Molecules) surface is the newest, most accurate global representation to date and is based on approximately 900 very accurate a6 initio point^.^^-^^ It is a double-valued surface which gives true conical intersections.
The 0 2 bond is fixed at 2.5% and the R, and &, coordinates denote the position of the H atom relative to the center of the 0 2 bond. The two deep attractive wells are clearly visible which represent the H atom being bound to one or the other 0 atoms. The lower cone of the C2, conical intersection is clearly visible along the R, axis with R, = 0 (T-shaped geometries). The two halves of the lower cone for the linear conical intersection are also visible along the R, axis with % = 0 (linear geometries). The minimum energy pathway around the Cz, conical intersection is always below the dissociation energy. Thus, even for scattering energies just above threshold, nuclear motion around the C2v conical intersection is classically allowed and we expect significant geometric phase effects. The minimum energy for the linear saddle point is 0.42eV.35 Thus, if we restrict our scattering energies to below 0.40 eV, nuclear motion which encircles the linear conical intersection is classically forbidden and we can neglect the geometric phase effects originating from this intersection.
The real electronic wavefunction is double-valued around the Cz,, conical intersection.
This double-valuedness gives rise to unusual symmetry behavior of the electronic wavefunction under a permutation ( P ) of the two identical l60 atoms.8*10 The real electronic wavefunction is simuZtaneously antisymmetric in front of the conical intersection (in the dissociation region) and symmetric behind the conical intersection (across the Czv saddle region). The nuclear spin wavefunction is always symmetric since I6O has zero nuclear spin.
Thus, in order for the total wavefunction to satisfy Bose statistics ("0 is a spin 0 Boson) for a Z Z nuclear geometries, the nuclear wavefunction must also be double-valued and exhibit the same unusual permutation behavior.
As discussed in the previous section, the correct double-valued behavior of the real nuclear wavefunctions is obtained by solving the generalized Born-Oppenheimer equation of Eq. 12. The appropriate phase factor and projection operator is applied to the complex solutions to obtain real double-valued solutions in the following way8J1 where of z (1 f P ) / 2 and the + and -designate symmetric or antisymmetric asymptotic symmetry (i.e. in front of the conical intersection). As discussed above, the nuclear spin of l60 is zero and the electronic wavefunction is antisymmetric asymptotically, so that only the 9-are physically allowed. The qualitative behavior of the 8-is shown in Fig. 3 The scattering matrix is also used to compute state-to-state transition probabilities. results for the vibrational relaxation probability show much more oscillatory behavior than the CP results. An underlying "stair-step" structure can be seen in both the NGP and GP results by averaging out the oscillations (see the solid horizontal lines in Fig. 5) . The slope of the "staircase" (i.e. the average rate of increase of this transition probability with energy) is approximately the same for both the NGP and G P results. However, the "staircase" (Le-the average transition probability) for the G P results is shifted lower in probability The low energy H + 0 2 scattering results clearly indicate that the effects of a pseudo magnetic field (i.e. the geometric phase) are real and must be included in order to obtain the correct results. Work is currently underway to extend the scattering calculations to non-zero J. 34 The results of these calculations will eventually allow for a direct comparison with H + 0 2 scattering experiments. Based on the large differences seen in the J = 0 results, we fully expect that the inclusion of geometric phase effects will be necessary in order to obtain agreement between theory and experiment.
V. GEOMETRIC PHASE EFFECTS IN THE VIBRATIONAL

SPECTRA OF NA3(X)
The alkali metal trimer Na3 has been under intense and e~perirnental"*~ investigation in recent years. Almost all interest has been focused on the nuclear dynamics in the excited B electronic state. In fact, the vibrational spectra of Na3(B) was originally believed to be the first example of the geometric phase effect in molecular spectra.51 However, in recent years a more detailed theoretical treatment45-47 together with higher resolution ~pectroscopy~~ have reversed this original claim. It is now clear that there is no geometric phase effect in the vibrational spectra for the B electronic state. The B state is of 2A', symmetry (instead of 2E' as was once thought) and exhibits an avoided crossing at the D3h geometry with the nearby 2E' doubly degenerate state. Thus, the vibrational wavefunctions are single-valued and the spectra can be classified using a pseudo-Jahn-Teller (P JT) coupling Interestingly, the nuclear dynamics on the ground electronic state (Nas(X)) has received very little attention (both theoretical and experimental) even though it is well known that a conical intersection is located at the equilateral triangular configuration ( D 3 h ~yrnmetry).~'
The pseudorotational barrier is much lower in energy than the conical intersection and the wells between the barriers are relatively shallow. There is significant splitting (up to 100cm-l) between the energy levels of even and odd symmetry which lie above the minimum Cz, saddle point energy."
A contour plot of the PES for Na3(X) for a fixed value of the hyperradius p = 8.71%
is shown in Fig. 6 . This surface was fit by Thompson, et ~1 .~~ to the ab initio data of and the conical intersection are 292.6 cm-' and 962.1 cm-', respectively. Thus, the conical intersection in Na3(X) lies high enough in energy so that for low-lying vibrational states the adiabatic approximation is valid and the generalized Born-Oppenheimer method of Section 111 can be applied to include geometric phase effects in the vibrational dynamics.
Unlike the zero spin l60 atoms in HO2, the 23Na atoms have non-zero nuclear spin (S = 3/2) and are Fermions. Thus, the determination of the physically allowed products of the vibrational, electronic, and nuclear spin wavefunctions is slightly more complicated than for H02. The total number of nuclear spin states is (2s + 1)" = 64 which can be classified using the irreducible representations of the permutation group 5'3. The irreducible representations of S3 are: A1 (symmetric), A2 (antisymmetric) , and E (doubly degenerate). The number of nuclear spin states of Al, AS, and E symmetry are given by: (2S+ 1)(2S+ 3 ) ( S + 1)/3 = 20, (2s + l)(2S -1)S/3 = 4, and (2s + l)(S + 1)8S/3 = 40, re~pectively.~' The real electronic wavefunction is double-valued around the conical intersection (origin) and simuZtaneousIy exhibits AI symmetry across the three saddle points and A2 symmetry across the centers of the three wells.40 We will first consider only symmetric nuclear spin functions. Then, in order for the total wavefunction to satisfy Fermi statistics for all nuclear geometries, the vibrational wavefunction must also be double-valued but exhibit the opposite symmetry behavior. That is, it must be of A2 symmetry across the saddle points and of A1 symmetry across the wells.
The qualitative behavior of this real double-valued vibrational wavefunction is shown in Fig. 7 which plots a 1D slice of the 3D wavefunction around the conical intersection. For the antisymmetric nuclear spin states the symmetry is reversed. That is, a real doublevalued vibrational wavefunction must be of A1 symmetry across the saddle points and of A2 symmetry across the wells. The qualitative behavior of this wavefunction is plotted in Fig. 8 . The nuclear spin states of E symmetry can only be combined with doublevalued vibrational states of E symmetry to produce a direct product representation which simultaneously exhibits A2 symmetry across the saddle points and A1 symmetry across the centers of the wellsF6 Calculations of the double-valued vibrational wavefunctions of E symmetry and the corresponding energy spectrum are currently underway and will be presented in future ~o r k . 6~
The bound state techniques which were used to include geometric phase effects in the vibrational spectrum of HO2 were modified to handle three identical nuclei and applied to Na3.11967 The relevant phase factors and projection operators for the A1 and A2 irreducible representations of 5 ' 3 are applied to the complex solutions Qc to obtain real double-valued solutions \T! with the correct AI or A2 symmetry in the following way3
where the + sign gives A2 symmetry and the -sign A1 symmetry (the symmetry designation refers to the symmetry behavior across the wells). For X3 systems the most convenient choice of odd integer 2 for the treatment of permutation symmetry is I = 3.3
The results of the 3D bound state calculations for the A1 and A2 vibrational energy levels of Na3(X) are presented in Fig. 9 . The energies for the lowest 25 states of both symmetries were computed with the geometric phase (GP) using I = 3 and without (NGP) by setting I = 0. Since there are 5 times more A1 nuclear spin states than A2, the AI vibrational spectrum will be on average 5 times more intense than the A2 spectrum. Thus, the Al energy levels are presented using solid horizontal lines while the A2 energy levels are denoted by dashed horizontal lines. All energies are relative to the bottom of the Na, wells. The long horizontal dotted lines labeled by SP and CI denote the minimum saddle point energy and the minimum conical intersection energy, respectively. Only the lowest (ground state) energy of AI symmetry lies below the pseudorotational barrier (the minimum saddle point energy).
The other low-lying states of AI and A2 symmetry lie above the pseudorotational barrier but their wavefunctions remain localized over the attractive wells and no energy differences between the GP and NGP results are observed. However, for the intermediate to high-lying states, we see significant differences between the GP and NGP results for both symmetries.
The A1 GP energy levels are more closely spaced at high energies when compared to the A1 NGP spectrum while the A2 GP energy levels are less closely spaced at high energies when compared to the A2 NGP spectrum. Table I gives the precise energy values presented in Fig. 9 . Detailed convergence studies indicate that the relative accuracy for the lowest ten energy levels is < 0.25 cm-l while for the higher levels it is < 1.0cm-1.67 The absolute accuracy is estimated to be < 1.0cm-1 for the lowest ten energy levels and < 2.0cm-' for the higher ones. In comparing the GP and NGP results in Table I , it is the relative accuracy which is important. Thus, any differences between the GP and NGP energies for the low-lying states greater than 0.5 cm-' are real and due entirely to the geometric phase. We see that the GP and NGP energies for the lowest two states of A1 symmetry and the lowest three states of A2 symmetry are identical (within convergence errors). Significant splitting begins to appear in the third state of Al symmetry and the fourth state of A2 symmetry. For higher energies the wavefunctions become less localized over the wells and the energy differences between the GP and NGP results for both symmetries increase. The high-lying wavefunctions have significant amplitude all the way around the conical intersection and therefore exhibit large geometric phase effects.
The bound state results for the A1 and A2 vibrational spectrum of NaS(X) clearly show that geometric phase effects must be included in order to obtain the correct results. The vibrational state assignments (i.e. the assignment of the symmetric stretch, bending, and asymmetric stretch quantum numbers) for the A1 and A2 energy levels and the calculations of the degenerate E spectrum and state assignments are currently underway. 67 The results of these calculations together with the present results will provide a detailed theoretical understanding of the Na3(X) vibrational spectrum (for J = 0) including geometric phase effects. Unfortunately, direct comparison with experiment is not yet possible due to the lack of experimental data and the limited accuracy of the PES for Na3(X). The Nas(X) PES is based on relatively old ab initio data41 which could be improved by using more modern electronic structure techniques. The only experimental results to date for the vibrational levels of Na3(X) are based on two-photon ionization spectra of the hot bands.52 Only the three fundamentals were reported. It has recently been proposed that stimulated emission pumping or IR excitation could be used to measure the vibrational spectra of Na3(X) and investigate geometric phase effects.48 Future theoretical work (i.e. the development of an improved PES for Na3(X)) and new experimental data for many intermediate to high-lying vibrational states should provide a "clean" example of the geometric phase effect in molecular spectra.
VI. CONCLUSIONS
We have seen that pseudo magnetic fields appear in the Born-Oppenheimer method when conical intersections or electronic angular momenta are taken into account. The pseudo magnetic field which originates from a conical intersection is that of a "magnetic solenoid". The "magnetic solenoid" gives rise to a geometric (Berry) phase which can lead to real physical effects in the molecular dynamics. The results of low-energy H + 0 2 scattering calculations for J = 0 showed significant shifts in the resonance energies and lifetimes due to the geometric phase associated with the C2, conical intersection in HO2. A significant attenuation of the 0 2 vibrational relaxation probability was also observed. The first calculations to include geometric phase effects in the vibrational spectrum of Na3(X) were presented. If a conical intersection is created or destroyed at some critical value of the field strength, then a sudden (discontinuous) jump in the rovibrational energy levels would be observed.
The sudden jump in the energy levels would be a direct consequence of the geometric phase which suddenly "turns on" when the conical intersection is created or "turns off" when it is destroyed. This approach would give experimentalist the ability to "turn on" or "turn off" the geometric phase at will and measure the differences in the spectra. Unfortunately, the field strengths required to significantly alter the low-lying electronic energy levels are quite large ( lo5 T) and are far beyond the current capabilities of continuous field laboratory magnets (30T). The situation may be more promising for high-lying electronic states but then an accurate theoretical treatment becomes more difficult. The huge magnetic fields found on the surfaces of astrophysical objects such as white dwarfs (lo2 -lo5 T) and neutron stars (lo7 -109T) are certainly large enough to induce conical intersections in molecules.
Thus, geometric phase effects could contribute to the unusual behavior of the rovibrational spectra of the molecules found in the atmospheres of these objects.
Another interesting effect due to real magnetic fields is the coupling of the center of mass (CM) motion to the internal degrees of freedom. 
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